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RATIONAL POINTS ON THE FERMAT CUBIC
SURFACE
EFTHYMIOS SOFOS
Abstract. We prove a lower bound that agrees with Manin’s
prediction for the number of rational points of bounded height on
the Fermat cubic surface. As an application we provide a simple
counterexample to Manin’s conjecture over Q.
1. Introduction
The subject of representing integers as a sum of two cubes has a rich
history in number theory. Examples such as 91“ 63´53“ 43`33 and
1729 “ 13`123 “ 93`103 make one wonder how often integers with
at least two essentially distinct representations occur and Euler had in
fact showed that there are arbitrarily large such integers. Let F “ 0
denote the Fermat cubic surface, where F is given by
F :“ x30 ` x31 ` x32 ` x33,
and notice that essentially non–distinct representations give rise to el-
ements x P Z4prim on the lines
x0`x1“x2`x3“0, x0`x2“x1`x3“0, x0`x3“x1`x2“0
of the surface, where Z4prim denotes the set of integer vectors x such
that gcdpx0, . . . , x3q “ 1. We are interested in estimating the growth of
the counting function
NpBq “ 7  x P Z4prim, F pxq“0,x outside lines, |x| ď B( ,
where | ¨ | is the usual supremum norm.
Hooley [Hoo63], building upon work of Erdo¨s [Erd39], showed that
for almost all integers which are the sum of two cubes the representation
is unique, by proving that NpBq “ opB2q . In a subsequent revisit of
the subject [Hoo80, Th.3 & Th.4] he used Deligne’s estimates along
with sieve arguments to establish the stronger estimates
(1.1) BÎNpBqÎB 53`ε
for all εą0 and Bě6. These estimates raised the question of evaluating
the true asymptotic order of NpBq . A conjectural answer was provided
by a special case of a very general conjecture due to Manin [FMT89].
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Whenever f“0 is a general smooth cubic surface with a rational point,
the conjecture states that
Nf pBq „ cfB plogBqρf´1 ,
as B Ñ 8, where NfpBq is defined similarly to NpBq by excluding
the 27 lines contained in f “ 0, ρf P r1, 7s is the rank of the Picard
group of the surface and cf is a positive constant. It is worth noticing
that although the conjecture has been established for a large class of
varieties, see for example [Bro07], it has never been established for a
single smooth cubic surface.
In the case of the Fermat cubic surface the conjecture predicts the
asymptotic behaviour
NpBq „ cB plogBq3 ,
for some c ą 0, since it is known that ρF “ 4 (see §8.3.1 in [Bro09]).
Wooley [Woo95] gave an elementary proof of the upper bound in (1.1)
and Heath–Brown [HB97], building on this work, made the improve-
ment
NpBq Îε B 43`ε,
for any εą 0, an estimate which actually applies to any smooth cubic
surface with 3 rational coplanar lines. Regarding lower bounds, Slater
and Swinnerton–Dyer [SSD98] used a secant and tangent process to
obtain
(1.2) Nf pBq Ïf B plogBqρf´1 ,
whenever the smooth cubic surface f “ 0 contains two skew lines de-
fined over the rationals. The result does not however cover the case
of the Fermat cubic surface since its only skew lines are defined over
Q
`?´3˘ . Our main goal is to fill this gap and to improve optimally
the lower bound in (1.1).
Theorem 1. We have the estimate
NpBq Ï B plogBq3 ,
for all B ě 6.
Our key ingredient here is earlier work of the author [Sof13]. It
allows us to cover the surface with a family of conics and count rational
points on each conic individually. This approach leads to a sum of
Hardy–Littlewood densities. We will show that this sum behaves as a
divisor sum involving binary forms in §3. This approach can be used
to prove (1.2) for other smooth cubic surfaces with a rational line, a
topic that we intend to return to in the future. In fact, we note that
our method, when fully extracted, is capable of proving
NfpBq ě δcfB plogBqρf´1 ,
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for all large enough B, where δą0 is a small absolute constant and cf
is the Peyre constant [Pey95].
We will use Theorem 1 in §6 in order to provide a simple coun-
terexample over Q to the full version of Manin’s conjecture which is
formulated for general Fano varieties. Let k be a number field, Z be a
Fano variety over k and H be an anticanonical height function on Z.
Suppose that Zpkq is Zariski dense and define the counting function
(1.3) Nk pU,Bq :“ 7 tx P U pkq , H pxq ď Bu
for B ě 1, where U is a Zariski open subset of Z. A lack of the subscript
k will indicate that the counting is performed over the rationals.
Manin’s conjecture [FMT89] describes the growth rate of Nk pU,Bq
in terms of geometric invariants related to Z. It states that there exists
a Zariski open U Ă Z and a constant c “ c pU, k,Hq ą 0 such that
(1.4) Nk pU,Bq „ cB plogBqρ´1 ,
as B Ñ 8, where ρ is the rank of the Picard group of Z.
The conjecture does not hold in full generality, the first counterex-
ample having been provided by Batyrev and Tschinkel [BT96]. They
consider the biprojective hypersurface Fano cubic bundle Y Ă P3k ˆP3k
given by
(1.5)
3ÿ
i“0
xiy
3
i “ 0.
It is shown that if k contains a cube root of unity and U is any nonempty
Zariski open subset of Y we have
Nk pU,Bq Ï B plogBq3 .
This estimate disproves (1.4) since the Picard group of Y is isomorphic
to Z2, as shown in [BT96, Prop.1.3].
This result however leaves a counterexample over Q to be desired.
This was achieved by Loughran [Lou12], where Weil restriction was
used to provide implicit counterexamples over any number field k and
of arbitrarily large dimension. Further counterexamples related to the
Peyre constant and the power of the logarithm in (1.4) are provided by
Browning and Loughran [BL13] and Le Rudulier [LR13] respectively.
Our aim is to extend the Batyrev–Tschinkel counterexample over Q.
Theorem 2. For any nonempty Zariski open U Ă Y, where Y is the
biprojective hypersurface given by (1.5), we have
N pU,Bq Ï B plogBq3 ,
where the counting is performed over Q.
This estimate contradicts Manin’s conjecture (1.4) due to the incom-
patibility of logarithmic exponents. Although we will not give details,
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our method is capable of proving that Manin’s conjecture is not valid
for (1.5) over any number field.
Acknowledgements: I would like to express my gratitude to Dr.
D. Loughran for suggesting the application to counterexamples and for
various helpful discussions, to Dr. D. Schindler for comments on an
earlier draft of this paper, and to Prof. T. Browning, who suggested
the project to me and who has been most generous with his help and
advice at all stages of the work. While working on this paper the author
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Notation: For any functions f, g : r1,8q Ñ C, the equivalent no-
tations fpxq“OS pgpxqq , and fpxqÎS gpxq , will be used to denote the
existence of a positive constant λ, which depends at most on the set
of parameters S such that for any x ě 1 we have |f pxq| ď λ |g pxq| .
Throughout sections §3–§5 the absence of a subscript S will indicate
that the implied constant is absolute. As usually, we denote the Euler,
Mo¨bius and the divisor function by φ, µ and τ respectively, and we
let ωpnq be the number of distinct prime divisors of n. We shall make
frequent use of the familiar estimate
(1.6) τ pnq Îε nε,
valid for any ε ą 0.
2. Covering by conics
The identity x3 ` y3 “ 1
4
px` yq `px` yq2 ` 3 px´ yq2˘ reveals that
the Fermat surface F “0 is equivalent over Q to
X : x0
`
x20 ` 3x21
˘ “ x2 `x22 ` 3x23˘ ,
and for the purpose of proving Theorem 1 it will suffice to prove that
the counting function NXpBq associated to this equation satisfies
(2.1) NXpBq Ï B plogBq3 .
Our proof makes use of the conic bundle structure present inX.More
specifically, X is equipped with a dominant morphism pi : X Ñ P1Q such
that
pi pxq “
#
rx0 : x2s if px0, x2q ‰ 0
rx22 ` 3x23 : x20 ` 3x21s if px20 ` 3x21, x22 ` 3x23q ‰ 0.
It can easily be verified that the fibres pi´1 prs : tsq are the diagonal
conics given by
Qs,t :
`
t3 ´ s3˘x2 ` p´3sq y2 ` p3tq z2 “ 0.
whose discriminant equals
∆s,t “ ´9
`
t3 ´ s3˘ st.
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Define for any ps, tq P Z2prim the following norm on R3,
}px, y, zq}s,t :“max
!
|xs|, |xt|, |y|, |z|
)
and the following counting function
Ms,tpBq :“ 7
 
x P Z3prim, Qs,t pxq “ 0, }x}s,t ď B
(
.
It is evident that for any B ě 1 we have
(2.2) NXpBq “
ÿ
*
|s|,|t|ďB
Qs,t isotropic
Qs,t non-singular
Ms,tpBq ,
where
ř
*
s,t denotes summation over ps, tq P Z2prim. Indeed, for any x
counted by NXpBq we let x :“ gcdpx0, x2q, thus getting ps, tq P Z2prim
with x0“sx and x2“ tx. This shows that px, y, zq is a primitive integer
zero of the conic Qs,t with }px, y, zq}s,t ď B. The fact that zeros x on
the 3 rational lines
x0 “ x2 “ 0, x0 ´ x2 “ x1 ´ x3 “ 0, x0 ´ x2 “ x1 ` x3 “ 0.
ofX correspond to the zeros px, y, zq of singular conics Qs,t follows upon
noticing that x lies on any of these lines if and only if x0x2 px2 ´ x0q“0,
which in turn is equivalent to the vanishing of the discriminant ∆s,t.
We estimate Ms,tpBq via [Sof13, Th.1], for any ps, tq in the range
with |s|, |t| ď Bδ, where δP `0, 1
40
˘
. In the notation of the theorem, we
have xQs,tyÎB 320 and Ks,t“2, thereby yielding
Ms,tpBq“ 1
2
σ8 ps, tq
ź
p
σp ps, tqB `O
´
B
19
20
¯
,
where the implied constant is absolute and the Hardy–Littlewood den-
sities σ8 ps, tq , σp ps, tq are defined in (3.1) and (3.2) respectively. To
apply this to (2.2), notice that since we are interested in obtaining a
lower bound for NXpBq , any extra conditions can be freely imposed on
the summation over s and t. Letting
Gpxq :“ 1
2
ÿ
*
|s|,|t|ďx
Qs,t isotropic
Qs,t non-singular
σ8 ps, tq
ź
p
σp ps, tq
we obtain
NXpBq ě B G B´ 140
¯
`OpBq .
Now (2.1) implies that Theorem 1 would follow from
(2.3) Gpxq Ï plog xq3 ,
for all x ě 2. Establishing this estimate is the goal of §3–§5.
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3. Passing from cubic surfaces to divisor sums
Our aim in this section is to show that the quantity Gpxq is approxi-
mated by a divisor sum. We will do so by finding explicit lower bounds
for the Hardy–Littlewood densities uniformly with respect to s and t.
The following lemma will be used to facilitate the estimation of the
p-adic densities.
Lemma 1. Let qpxq :“ř3i“1 aix2i be an integral smooth quadratic form
and let p be an odd prime dividing exactly one coefficient, say a1. Then
for any n ě 1, the number of solutions of qpxq” 0pmod pnq such that
p and x3 are coprime is at leastˆ
1`
ˆ´a2a3
p
˙˙ ˆ
1´ 1
p
˙
p2n.
Proof. It suffices to consider the case in which ´a2a3 is a quadratic
residue modulo p since otherwise the statement is trivial. Suppose
therefore that there exists t P Z{pZ such that a2t2 ` a3 ” 0 pmod pq .
The proof is then completed via induction on n.
Letting x3 run through the values 1, . . . , p´1 and x2“ tx3 we deduce
the validity of the statement for n “ 1. Let us observe that each solution
x pmod pnq of q pxq ” 0 pmod pnq with p ∤ x3 satisfies the hypothesis of
Hensel’s lemma,
p ∤ ∇ pq pxqq “ 2 pa1x1, a2x2, a3x3q ,
and hence can be lifted to p2 different solutions y pmod pn`1q of the
equation qpxq”0pmod pn`1q that must necessarily satisfy p ∤ y3. 
Let us define the arithmetic functions
rτ pnq :“ φ pnq
n
2ωpnq
and rpnq :“ φ pnq
n
ź
p|n
´
1` χ3 ppq
¯
,
where χ3 denotes the non–trivial character modulo 3, given by
χ3 pnq “
$’&’%
0 if n ” 0 pmod 3q
1 if n ” 1 pmod 3q
´1 if n ” 2 pmod 3q .
For each ps, tq P Z2prim and every prime p we let
N˚s,t ppnq :“ 7 tx pmod pnq , Qs,t pxq ” 0 pmod pnq , p ∤ xu
denote the number of primitive zeros pmod pnq of the quadratic form
Qs,t. It was shown in [Sof13, Th.1] that the following limit exists, and
its value is referred to as the Hardy–Littlewood p-adic density,
(3.1) σp ps, tq :“ lim
nÑ8
N˚s,t ppnq p´2n.
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The next lemma reveals that the evaluation of these densities naturally
gives birth to the function r which plays the roˆle of the detector for
the conics Qs,t that are isotropic over Q.
Lemma 2. Suppose that the integers s and t satisfy 0 ă s ă t, are
coprime, and both equivalent to 1 modulo 8. Then we haveź
p
σpps, tq Ï rτ`t3 ´ s3˘ rpstq ,
where the implied constant is absolute.
Proof. We begin by calculating the p-adic densities for every prime
p ‰ 2, 3 dividing the discriminant of the conic Qs,t. The coprimality of
s and t ensures that no two coefficients of the conic are divisible by p
and hence we are allowed to use Lemma 1.
In the case that p divides s3 ´ t3, we compute thatˆ´ p3tq p´3sq
p
˙
“
ˆ
st
p
˙
“
ˆ
s3t
p
˙
“
ˆ
t4
p
˙
“ 1,
and hence we are provided with the estimate σp ps, tq ě rτ ppq .
The cases where p|s or p|t are symmetric and we therefore focus on
the latter. A similar computation yieldsˆ´ pt3 ´ s3q p´3sq
p
˙
“
ˆ´3s4
p
˙
“
ˆ´3
p
˙
.
Alluding to quadratic reciprocity reveals that the value of the Legendre
symbol
´
´3
p
¯
equals χ3 ppq, thereby yielding the estimate σpps, tqěrppq .
We recall at this point that if the conic Qs,t has zeros over Qp then
the p-adic density σp ps, tq does not vanish, in which case the estimate
σp ps, tq ě 1´ 1
p2
follows from [Sof13, Eq.(5.2)] or via Hensel lifting. Therefore the va-
lidity of the lemma would follow upon showing that the conic Qs,t is
isotropic over Qp, for all primes p not considered so far.
If the conic is nonsingular over Qp, i.e. p ∤ ∆s,t, then it is a well–
known fact that it is isotropic over Qp.We are thus left with considering
the cases p “ 2 and 3. Hilbert’s product formula, implies that it suffices
to consider solubility merely over Q2. Recalling that 1 ` 8Z2 Ď Qˆ22
shows that 9st “ u2 for some u P Qˆ2 . We observe that p0, u, 3sq is a
zero of Qs,t over Q2, which concludes the proof of the lemma. 
We next turn our attention to the evaluation of the archimedean
Hardy–Littlewood density. It is defined as
(3.2) σ8 ps, tq :“ lim
εÑ0
1
2ε
ż
|Qs,tpxq|ďε
}x}s,tď1
1 dx.
Let B :“ `1
4
, 1
2
‰ˆ `1
2
, 1
‰
be an interval of R2.
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Lemma 3. Suppose that ps, tq P Z2prim belongs to B2n for some natural
number n ě 2. We have the estimate
σ8 ps, tq Ï 4´n,
with an absolute implied constant.
Proof. Assume that ε P `0, 1
2
˘
throughout the proof and notice that
the condition ps, tq P B2n implies that 0 ă t
4
ă să t
2
. It is clear that
whenever y P r0, 1
4
s and px, zq lies in the interior of the region R py, εq
defined by
p3sq y2 ´ ε ď `t3 ´ s3˘x2 ` p3tq z2 ď p3sq y2 ` ε
then tx and z are both bounded in modulus by 1, thus leading toż
|Qs,tpxq|ďε
}x}s,tď1
1dx ě
ż 1
4
0
vol pR py, εqq dy.
Noting that for a, b ą 0 the area of the ellipse ax2 ` by2 “ 1 is equal
to pipabq´ 12 , we find that the volume of R py, εq is at least εt´2. We
therefore deduce that
1
2ε
ż
|Qs,tpxq|ďε
}x}s,tď1
1dx ě 1
8t2
which leads to the desired result. 
Recall that
ř
*
s,t denotes summation over coprime integers s and t
and define the sum
Dpxq :“
ÿ
*
ps,tqPBx
s,t”1pmod 8q
rτ`t3 ´ s3˘ rpstq
for any x ě 2. The following result is obvious.
Lemma 4. We have the estimate
Gpxq Ï
ÿ
nPN
nPp1,log2 xs
4´n Dp2nq ,
for all x ě 4 with an absolute implied constant.
In light of (2.3), we are led to the conclusion that Theorem 1 would
follow upon proving the estimate
(3.3) Dpxq Ï x2 plog xq3 ,
for all x ě 4. Notice that this is a lower bound of the correct order of
magnitude.
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4. Estimation of divisor sums
We gather level of distribution results regarding functions related torpnq before evaluating Dpxq in §5. We denote the summation over
residue classes a P r0, qq which are coprime to q by ř *apmod qq and the
inverse of a pmod qq by a¯. The Kloosterman sums S pa, b; cq are defined
by
Spa, b; cq “
ÿ
*
xpmod cq
e
ˆ
ax` bx¯
c
˙
,
for any integers a, b, c, where we use the notation epzq :“ e2piiz. The
Weil bound [IK04, Eq.(1.60)] states that
(4.1) |Spa, b; cq | ď τpcq gcdpa, b, cq 12 |c| 12 .
Lemma 5. For any integers a, q with q coprime to 3a and any X ě 1,
we have ÿ
nďX
n”apmod qq
p1˚χ3qpnq “ pi
3
3
2
c˜pqq X
q
`O
´
X
1
3 q
1
2 τ 2pqq
¯
,
where ˚ denotes the Dirichlet convolution, the implied constant is ab-
solute and
c˜pqq :“
ÿ
d|q
χ3pdq
d
µpdq .
Proof. We use the function g defined in the proof of [IK04, Cor.4.9]. In-
troducing additive characters to detect the congruence n ” a pmod qq ,
we arrive at the following upper bound for the sum in the statement
of the lemma,
ÿ
nďX
n”apmod qq
p1˚χ3qpnq gpnq “ 1
q
ÿ
mpmod qq
e
ˆ´
ma
q
˙ 8ÿ
n“1
p1 ˚ χ3qpnq e
ˆ
mn
q
˙
gpnq .
We partition the summation over m according to the value of the
gcdpm, qq“ q
d
which leads to
1
q
ÿ
d|q
ÿ
*
kpmod dq
e
ˆ´
ka
d
˙ 8ÿ
n“1
p1˚χ3qpnq e
ˆ
kn
d
˙
gpnq .
We will use [IK04, Eq.(4.70)] to estimate the inner sum. Notice that
although the function g pxq is not smooth, the statement is still valid.
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Recall that the values of the L-function and the Gauss sum correspond-
ing to the character χ3 are
pi
3
3
2
and i3
1
2 respectively. This yields
8ÿ
n“1
p1˚χ3qpnqe
ˆ
kn
d
˙
gpnq “ pi
3
3
2
χ3 pdq
d
ż 8
0
gpxq dx
´ 2pii
3
1
2
χ3 pdq
d
8ÿ
n“1
p1˚χ3qpnq e
˜
p3kqn
d
¸
h
ˆ
4n
3d2
˙
,
where h is defined in [IK04, Eq.(4.36)] and denotes the Hankel type
transform of g. Interchanging the order of summation gives rise to
Kloosterman sums,ÿ
*
kpmod dq
e
ˆ´
ka
d
˙ 8ÿ
n“1
p1˚χ3qpnq h
ˆ
4n
3d2
˙
e
˜
p3kqn
d
¸
“
8ÿ
n“1
p1˚χ3qpnq h
ˆ
4n
3d2
˙
Sp´a, 3¯n; dq .
The bound [IK04, Eq.(4.44)] when combined with (4.1) proves that the
last expression is Îτpdq d 52 pX{Y q 12 . Putting everything together yieldsÿ
nďX
n”apmod qq
p1˚χ3qpnq gpnq “ pi
3
3
2
1
q
ˆż 8
0
gpxq dx
˙ÿ
d|q
χ3pdq
d
ÿ
*
kpmod dq
e
ˆ´
ka
d
˙
`O
´
pX{Y q 12 q 12 τ 2pqq
¯
.
This with
ř
*
kpmod dqe
`´
ka
d
˘ “ µ pdq and ş8
0
g pxq dx “ X ` Y`1
2
proves
the one-side estimate required for this lemma, on taking Y “X 13 . The
desired lower bound is obtained in an identical way by using the weight
function gpxq“maxtx, 1, pX ´ xq Y ´1u instead. 
We will later need to estimate averages over arithmetic progressions
of functions belonging to a rather large class of multiplicative functions.
Our results are best formulated in terms of the group of functions
G :“
"
f :NÑ Rě0, f multiplicative, fppq“1`Of
ˆ
1
p
˙
for all primes p
*
.
Note thatG is an abelian group with respect to pointwise multiplication
and contains elements such as φpqq{q and the function c˜pqq defined in
Lemma 5. The bound (1.6) reveals that each element f P G satisfies
µ2pnqfpnqÎε,f nε for any εą0.
Lemma 6. Let f be a positive function such that either f PG or
fpnq “ gpnq
ź
p|n
p1` χ3pnqq
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for some g P G. Then there exists a function pf P G and a positive
constant cÎf 1, both of which depend on f, such that for any integers
q,a,k with q coprime to 3ak and xě1, εą0 we haveÿ
nďx
n”apmod qq
gcdpn,kq“1
n squarefree
fpnq “ cφpkq
k
pfpkqq x
q
`Oε,f
´
x
1
2
`εq
1
2 τ 2pkqq
¯
.
Proof. The fact that gPG implies that in the second case we have
fppq“1` χ3ppq `Of
ˆ
1
p
˙
for all primes p. Hence there exists δ P t0, 1u such that the quantity
M :“ 1` sup
p
ˇˇˇ
p pf ppq ´ 1´ δχ3 ppqq
ˇˇˇ
is well–defined. Define the function θ by letting θ pnq“ fpnqµ2pnq for
n coprime to k and θpnq “ 0 otherwise, therefore turning the sum in
the lemma into ÿ
nďx
n”apmod qq
θpnq .
We define θ1pnq :“ θ ˚ µ if δ “ 0 and θ1 pnq :“ θ ˚ µ ˚ µχ3 if δ “ 1. We
can then verify by induction that regardless of the value of δ we have
|θ1`pk˘ | ď
$’’’’’&’’’’’’%
M
p
if k “ 1 and p ∤ a
3` 2M if k “ 2, 3 and p ∤ a
2 if k “ 1, 2 and p|a
0 if k “ 3 and p|a
0 if k ě 4.
Hence for each ε ą 0 we have the estimateÿ
nďx
|θ1 pnq |
n
1
2
`ε
Î
ź
pďx
ˆ
1` 3` 3M
p
3
2
`ε
` 3` 2M
p1`2ε
˙ź
p|a
ˆ
1` 4
p
1
2
`ε
˙
Îε,M τpaq .
Therefore the case δ“0 of the lemma follows by [dlBB07, Lem.2] with
k “ 1
2
` ε. Hence let δ “ 1. Since χ3µ is the inverse of χ3, we deduce
that θ “ θ1 ˚ p1 ˚ χ3q , which leads toÿ
nďx
n”apmod qq
θpnq “
ÿ
nďx
gcdpn,qq“1
θ1pnq
ÿ
mďx{n
nm”apmod qq
p1˚χ3qpmq .
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An application of Lemma 5 yields
pi
3
3
2
x
q
c˜pqq
¨˚
˝ ÿ
nďx
gcdpn,qq“1
θ1 pnq
n
‹˛‚`Oε,M ´x 12`εq 12 τ 2paqq¯
valid for any εą 0. The sum over n is absolutely convergent and ex-
tending the summation to infinity introduces a negligible error term.
Factoring the series into Euler products reveals that the statement of
the lemma holds with the constant
c :“ pi
3
3
2
ź
p
ˆ
1` f ppq
p
˙ˆ
1´ 1
p
˙ˆ
1´ χ3 ppq
p
˙
and the function
pf pnq :“ c˜pnqź
p|n
ˆ
1` f ppq
p
˙´1ˆ
1´ 1
p
˙´1ˆ
1´ χ3 ppq
p
˙´1
.

We will later consider divisor sums involving binary forms for which
a two dimensional version of the previous lemma shall be required.
Lemma 7. Let f1 and f2 be functions satisfying the assumption of
Lemma 6. Then there exists a function pf P G and a positive constant
c, both of which depend on f1 and f2, such that for any x, yě 1, εą 0
and integers q, a, k, σ, τ with q coprime to 3akστ we haveÿ
*
sďy,tďx
gcdpst,kq“1
s,t squarefree
ps,tq”pσ,τqpmod qq
f1psq f2ptq “ c pfpkqqˆφpkq
k
˙2
xy
q2
`Oε,f1,f2
˜
xy
minpx, yq12´ε
q3kε
¸
.
Proof. As in the proof of the previous lemma, there exist δ1, δ2 P t0, 1u
such that the following quantity is well–defined
M :“ 1`max
i“1,2
sup
p
ˇˇˇ
p pf ppq ´ 1´ δiχ3 ppqq
ˇˇˇ
.
We may assume y ď x without loss of generality. Using Mo¨bius in-
version to deal with the coprimality of s and t implies that the sum
appearing in the lemma equalsÿ
mďy{2
gcdpm,kqq“1
µpmq f1pmq f2pmq
ÿ
sďy{m
gcdps,kmq“1
s squarefree
sm”σpmod qq
f1psq
ÿ
tďx{m
gcdpt,kmq“1
t squarefree
tm”τ pmod qq
f2ptq .
Let us observe that the previous lemma supplies the estimates
(4.2) µ2pnqfipnq , µ2pnq pfipnq Îε,M nε, |ci|ÎM 1 for i “ 1, 2,
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valid for any εą0, due to the definition of G and (1.6).We are therefore
provided with an error term bounded by Îε,M xy 12`εq2`εkε and with
the main term
c1c2 pf1pkqq pf2pkqqˆφpkq
k
˙2
xy
q2
ˆ
ˆ
ÿ
mďy{2
gcdpm,kqq“1
µ pmq
m2
f1pmq f2pmq pf1pmq pf2pmqˆφpmq
m
˙2
.
The bounds (4.2) enable us to extend the summation over m to infinity,
introducing a negligible error. Comparing the ensuing Euler factors
concludes the proof of the lemma. 
5. Proof of Theorem 1
We dedicate this section to the proof of (3.3). Denote the sum-
mation over residue classes σ, τ P r0, dq for which gcdpσ, τ, dq “ 1 byř
*
pσ,τqpmod dq . Defining the function
r1pnq :“ µ2pnqśp|n´1´ 2p¯ allows
us to write rτ pnq “řd|n r1pdq . We insert this into Dpxq and invert the
order of summation. The non–negativity of the values assumed by r1
enables us to restrict the summation, arriving at
(5.1) Dpxq ě
ÿ
*
d1,d2ďxε
gcdpd1d2,6q“1
r1 pd1d2q ÿ *
pσ,τqpmod 8d1d2q
σ,τ”1pmod 8q
d1|σ2`στ`τ2
d2|σ´τ
ÿ
*
ps,tqPBx
s,t squarefree
ps,tq”pσ,τqpmod 8d1d2q
rpstq ,
valid for any 0ă εă1. We use Lemma 7 with f1 “ f2 “ r to estimate
the sum over s and t.We are allowed to do so since φ pnq{n is an element
of the group G and therefore r satisfies the hypotheses of Lemma 6.
We are thus led toÿ
*
ps,tqPBx
s,t squarefree
ps,tq”pσ,τqpmod 8d1d2q
rpstq “ c0 f0 pd1d2q x2
d21d
2
2
`Oε
´
x
7
4
`εd31d
3
2
¯
for any ε ą 0, where f0 P G and c0 is an absolute positive constant.
Taking into account that the number of solutions of x2`x`1”0pmod pq
equals 1`
´
´3
p
¯
for any prime p and inserting the previous estimate
into (5.1) leads to
(5.2)
D pxq ě c1x2
ÿ
*
d1,d2ďxε
gcdpd1d2,6q“1
r1pd1d2q
d1d2
f0pd1d2q
ź
p|d1
p1` χ3ppqq `Oε
´
x
7
4
`10ε
¯
,
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where c1 is an absolute positive constant. We observe that the functionsr1 and f0 are elements of the group G and so does their product. Hence
the functions
f1pnq “ r1pnq f0pnqź
p|n
p1` χ3pnqq , f2pnq “ r1pnq f0pnq ,
fulfill the hypotheses of Lemma 7. Therefore for any εą0 we obtainÿ
*
y{2ăd1ďy
x{2ăd2ďx
gcdpd1d2,6q“1
r1pd1d2q
d1d2
f0pd1d2q
ź
p|d1
p1` χ3ppqq “ c2xy `Oε
˜
xy
min
1
4
´εpx, yq
¸
with an absolute positive constant c2. Partitioning in dyadic intervals
shows that the sum appearing in (5.2) is larger thanÿ
1ďiďjďε log2 x
2´i´j
ÿ
*
2i´1ăd1ď2i
2j´1ăd2ď2j
gcdpd1d2,6q“1
r1pd1d2q r1pd1d2q
d1d2
f0pd1d2q
ź
p|d1
p1` χ3ppqq .
Using the previous estimate for each inner sum proves (3.3) from which
Theorem 1 follows.
6. Proof of Theorem 2
Recall the definition of Y in (1.5). The anticanonical divisor on Y
is ´KY “ Op3, 1q which provides the height H defined as follows. For
a point px, yq P P3Q ˆ P3Q, we choose x,y P Z4prim, unique up to sign, so
that px, yq “ prxs, rysq and we let
H px, yq :“ |x|3|y|,
where | ¨ | denotes the usual supremum norm in R4. The counting func-
tion, defined in (1.3), takes the following shape. For any Zariski open
subset U of Y we set
(6.1) NpU,Bq “ 1
4
7  x,y P Z4prim, prxs, rysq P U, |x|3|y| ď B( .
Define the map rpi : Y Ñ P3 by rpi px,yq “ x. The image of U under rpi
forms a Zariski open set and it therefore intersects the Zariski dense
subset of P3Q given by rt30 : . . . : t33s : t0, . . . , t3 P Q˚( .
Letting Yt stand for the corresponding cubic surface
Yt :
3ÿ
i“0
t3i y
3
i “ 0,
we are provided with some t “ pt0, . . . , t3q P Z4prim, with
ś3
i“0 ti ‰ 0,
such that Ut :“ U X Yt is non–empty. We fix the choice of t for the
rest of this section. The surface Yt is irreducible since
ś3
i“0 ti ‰ 0,
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which implies that the closed subvariety YtzUt is a finite union Yri“1Ci
of curves or points in P3. Letting
NpUt, Bq “ 7 ty P Ut pQq , H pyq ď Bu
we deduce that
NpU,Bq Ï N
ˆ
Ut,
B
|t|9
˙
for all B ě |t|9. It therefore suffices for the purpose of establishing
Theorem 2 to prove the lower bound
(6.2) NpUt, Bq Ï B plogBq3
for all B ě 3. We can therefore assume without loss of generality that
Ut contains none of the lines of Yt. Letting Y
1
t
denote the Zariski open
subset of Yt where the lines have been excluded, we deduce that
NpUt, Bq ě NpY 1t , Bq ´
ÿ
1ďiďr
Ci‰line
NpCi, Bq .
Hence if Ci is a curve, its degree will be at least 2 in which case Theorem
1.1 in [Wal13] shows that NpCi, Bq ÎCi B. Noting that this estimate
trivially holds if Ci is a point, we have shown that
(6.3) NpUt, Bq ě NpY 1t , Bq `OpBq ,
where the implied constant depends at most on r, t and Ci.
Lemma 8. We have
NpY 1
t
, Bq Ït B plogBq3
for all B ě 3.
Proof. Let T :“ |t0t1t2t3| ‰ 0 and recall that NpBq denotes the count-
ing function associated to the Fermat cubic surface. Alluding to The-
orem 1 implies that it suffices to prove that
(6.4) NpY 1
t
, Bq ě N
ˆ
B
T
˙
for all B ě T. For any z P Z4prim counted by NpBq define rys P P3Q via
yi :“ ziti and notice that y lies on Y 1t . We have
rys “ rz0t1t2t3 : . . . : z3t0t1t2s
and we observe that for d :“ gcdpz0t1t2t3, . . . , z3t0t1t2q, we get
Hpyq “ max t|z0t1t2t3|, . . . , |z3t0t1t2|u
d
ď BT,
which proves (6.4). 
Combining the estimate (6.3) and Lemma 8 proves (6.2) from which
the validity of Theorem 2 is inferred.
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